Abstract. The critical temperature of a three-dimensional Ising model on a simple cubic lattice with different coupling strengths along all three spatial directions is calculated via the transfer matrix method and a finite size scaling for L × L × ∞ clusters (L = 2 and 3). The results obtained are compared with available calculations.
Introduction
Great attention is given to the critical temperature calculation of the three-dimensional Ising model, for the full time extent of existence. The most considerable advances have been attained for the fully isotropic cubic lattice (J x = J y = J z ). The calculations are steadily improving with time, accuracy for the critical point value fully anisotropic interactions, is calculated by the transfer matrix approach in combination with a finite size scaling, i.e. by the phenomenological renormalisation group method proposed by Nightingale (1976) . As the clusters, we exploit the infinitely long parallelepipeds L × L × ∞ with transverse scales L = 2 and 3. We succeeded in obtaining a rigorous solution for lattice with L = 2. For the 3 × 3 × ∞ lattice, we simplify the partial eigenvalue problem for the transfer matrix of 512th order. Using the symmetry, we reduce this problem to a determination of the largest eigenvalues of the two 18th order matrices. Final calculations have already been made numerically.
Calculation of the critical temperature
Conforming with the phenomenological renormalisation group theory, the critical temperature T c is a fixed point of an equation (see, for instance, reviews of Nightingale 1982 and Barber 1983) :
where
is the inverse correlation length in a cluster with characteristic size L. The quantities λ 1 and λ 2 entering into (2) are respectively largest and next largest eigenvalues of subsystem transfer matrix. Thus, the task is reduced to find the dominant eigenvalues of transfer matrices.
Cluster 2 × 2 × ∞
Let us write the Hamiltonian for the cluster as
The spin variables σ = ±1 are located in sites of a lattice 2 × 2 × ∞ which has a rectangular cross section and has the symmetry planes going through its axis and the middles of opposite sides.
where K x = J x /kT , K y = J y /kT and K z = J z /kT corresponds to the Hamiltonian (3).
To solve the eigenvalue problem of the transfer matrix (4), we use first the invariance property of the appropriate Hamiltonian with respect to the transformations of the group Z 2 × C 2v ; where Z 2 is a group of global reflections in the spin space, C 2v is the point group generated by the symmetry planes of a lattice and × represents the direct product. Carrying out the usual group-theoretical analysis (see, e.g., Yurishchev 1989), we come to a conclusion that the 16 × 16 transfer matrix (4) can be reduced due to symmetry Z 2 × C 2v to a quasi-diagonal form with one subblock 5 × 5, four subblocks 2 × 2 and three 'subblocks' 1 × 1, i.e. ready-made eigenvalues. 
Using these basis functions and utilizing (4), we find the matrix elements ψ + i U ψ j of subblock 5 × 5. The secular equation of this subblock has a structure (and this is the second key circumstance allowing the solution of the eigenvalue problem):
Here
and α = 4 sinh 2 (2K z ).
According to Sominskii (1967) , an algebraic equation like (7) is a reciprocal one. This property makes it possible to easily find the roots of our equation. As a result, the largest eigenvalue of the transfer matrix (4) is equal to
with
Solving secular equations of second-order subblocks causes no difficulties. In this issue, we obtain a complete set of eigenvalues. Sorting the eigenvalues, we seek out the next largest eigenvalue of U :
Note that it lies in the subblock built on basis functions which are symmetrical under all purely spatial transformations of the group and antisymmetrical under those including the spin inversion.
By J x = J y , our solution is reduced to that of Kaufman (1949) for the Ising model on a cylinder, if the number of chains in the last model is equal to four.
It is also interesting to note that the above mention does not succeed in generalizing the model (3). All attempts in including in the Hamiltonian new interactions (e.g., external field, additional pair couplings or multiparticle forces) lead immutably to the destruction of the obvious symmetry of Z 2 × C 2v or the hidden algebraic one (i.e., the reciprocal property of a secular equation).
Cluster 3 × 3 × ∞
We shall consider a subsystem 3 × 3 × ∞ with cyclic boundary conditions in both transverse directions. This eliminates undesirable surface effects and at the same time extends the symmetry group down to Z 2 × (T s C 2v ), where T is a group of transverse translations and s implies a semidirect multiplication. The given symmetry allows one to reduce the transfer matrix V , of the size 512 × 512, to a block diagonal form in which the first and second largest eigenvalues of original matrix are located in different subblocks (V (1) and V (2) , respectively) both having a dimension of 18 × 18.
The open form of these subblocks is given in the appendix. The extraction of dominant eigenvalues from V (1) and V (2) has been carried out already by the computer.
We return again to the calculation of critical temperature. The estimates kT c /J z obtained by a numerical solution of transcendental equation (1) are collected in table 1.
By this, we also put the cyclic boundary conditions on the cluster 2×2×∞, i.e. simply increase the interaction constants in transverse directions by two times: J x → 2J x and J y → 2J y . In table 1, we have also inserted the critical temperature values for two limited cases: (i) J y = 0, corresponding to the anisotropic two-dimensional Ising model for which the exact phase transition temperature equation is known sinh
and (ii) J x = J y , corresponding to the partly anisotropic three-dimensional Ising model for which there exists sufficiently accurate estimates of T c de Jongh 1978, Yurishchev and .
Discussion
One of simplest ways in estimating the phase transition temperature in an Ising model is the mean field approximation (MFA):
However, the accuracy is quite low (see table 2 where, for convenience of comparison, the critical temperature estimates found by various approximate methods have been given, as well as the true values obtaining from a solution of equation (14) and the precision numerical values).
The state of things is somewhat corrected by an improved mean field approximation (IMFA), taking into account the short range order effects (Faleiro Ferreira 1988 
when η → 0. Fisher (1967) established that the formula (17) We now appeal to our results. The application of clusters makes it possible to take into consideration the specific features of a short range order and as a result, decrease the calculational error. Therefore, it is not surprising that the finite size scaling method with its hierarchy of clusters increasing in growth, allows us to determine the critical point of Ising model with more exactness than the approaches discussed above (see again a table 2). A uniform convergence (contrary to the ILCA) of the estimates with the growth of a lattice anisotropy is an important quality of the approximation.
Let us consider a table 1. In the two-dimensional isotropic limit (J y = 0 and J x /J z = 1), our calculation fixes the critical temperature with error 4.3% (in the direction of overestimation). For J x /J z → 0, this error decreases continiously. This can be easily checked by making a comparison with the exact transition temperature values presented in the next column. In particular, the value has a 1.8% error by J x /J z = 10 −1 . A similar situation arises in the three-dimensional case with J x = J y .
Here our estimates are again in excess of true values; the percentage error drops from the maximum value 3.8% in the fully isotropic case (J x = J y = J z ) and, for comparison, -to 1.7% for the J x /J z = 10 −1 case. A analogous picture seems to be preserved in the intermediate region 0 < J y /J x < 1: by fixing J x /J z , the error smoothly moves between the limited values corresponding to J y /J x = 0 and J y /J x = 1.
Conclusions
In the present paper the more qualitative estimates of critical temperature in the fully anisotropic three-dimensional Ising lattice have been derived. These estimates yield the upper bound everywhere and by J y /J x = const the error for kT c /J z monotonically tends to zero when J x /J z → 0.
The quasi-diagonalisation has been carried out for the transfer matrix of 3 × 3 × ∞ Ising model with the rectangular cross section. The expressions for the matrix elements of subblocks containing the leading eigenvalues are given in detail. This permits one to easily reproduce the results presented in the article, as well as can be useful in considering other problems.
Appendix. Explicit form of subblocks V (1) and V
The matrices V (1) and V (2) are symmetrical, therefore, it is enough to describe their upper triangular parts:
and
where i ≤ j = 1, 2, . . . , 18. The basis vectors are ordered in a non-decrease of their lengths , 6, 6, 12, 18, 18, 18, 18, 18, 36, 36, 36, 36, 36, 36, 36, 72, 72} .
The quantities m Tables and table captions   Table 1 . Normalized critical temperature kT c /J z for the fully anisotropic threedimensional Ising model as a function of J x /J z and J y /J x . 
